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Abstract

In this paper, we study the relation between the fuzzy separation axioms, which had been
introduced by the authors in 2001, and the fuzzy proximity defined by Katsaras in 1980. We study
also the relation between our fuzzy separation axioms and the G-compactness defined by Géahler
in 1995. Moreover, we show here the relation between these fuzzy separation axioms and the fuzzy

uniform structures introduced and studied by Géhler and the first author in 1998.
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0. Introduction

In [1, 2] we had introduced a new kind of fuzzy separation axioms for fuzzy topo-
logical spaces related to the usual points and ordinary subsets. These axioms are
defined, analogously to the separation axioms in the classical case ([6]), using the
notion of fuzzy neighborhood filter which had been introduced by Géhler in [9].
Denote by G'T; for these axioms and by GT;-spaces for the fuzzy topological spaces
which fulfill the axioms GT;. We had studied the cases + = 0,1,2,3,4.

Our fuzzy separation axioms GT; and our G'T;-spaces, i = 0, 1, 2, 3, 4 fulfill many
properties analogous to the usual ones. Some of these properties had studied in [1,

2, 3]. This paper is devoted to study further properties for these axioms. We study



here the relation between the GT;-spaces and the fuzzy proximity spaces, G-compact

spaces and the fuzzy uniform spaces.

In Section 1 of this paper some definitions and notations, related to fuzzy sets,

fuzzy topologies, fuzzy filters and fuzzy separation axioms GT; are given.

Section 2 is devoted to study the relation between the fuzzy proximity defined
by Katsaras in [12] and our fuzzy separation axioms. It will be shown that any fuzzy
proximity is separated if and only if the associated fuzzy topology is GT; and to
each fuzzy proximity is associated a regular fuzzy topology in our sense. Moreover,
for each normal fuzzy topological space (X, 7) the binary relation on LX defined by
means of the closure operator cl, of 7, in equation (2.7), is a fuzzy proximity on X
and conversely, to each fuzzy proximity o, which has a closure operator cls fulfills

the binary relation given in (2.7), is associated a normal fuzzy topology.

There is a good notion of fuzzy compactness, called G-Compactness, had been
introduced and studied by Géhler in [9]. This notion fulfills main properties. For
example: It fulfills the Tychonoff Theorem. The notion of G-Compactess is defined
using the fuzzy filters, and so it is possible to make a relation between this com-
pactness and our fuzzy separation axioms. This relation will be shown in Section 3.
It will be shown that each G-Compact subset of GT5-space is closed and that each
G-Compact GTy-space is GTy-space and moreover that if (X, 7) is a G-Compact
space finer than a GTy-space (X, 1), then (X, 7) is homeomorphic to (X, 7).

A notion of fuzzy uniform structure had been introduced and studied by Gahler
et all in [10]. A fuzzy uniform structure & on a set X in sense of [10] is defined,
analogously to Weil’s definition of a uniform structure ([14]), as a special fuzzy
filter on the product set X x X. We introduce in the last section of this paper the
notion of separated fuzzy uniform space and we then show the relation between these
separated fuzzy uniform spaces and the GT;-spaces. It will be shown that the fuzzy
uniform spaces are separated if and only if the induced fuzzy topological spaces are

GTy. As an example for the application of fuzzy sets and fuzzy topology one could



mention the recent work on the connection between quantum gravity and the Cantor
space C' = 2% of descripte set theory [16]. We note that replacing A = 2 = [0, 1] by
A=10-2]=(1++/5)/2 one obtain what may be called fuzzy Cantor space used
in E-Infinity by Elnaschie.

1. Notations and Preliminaries

In the following consider L is a complete chain with different least and last elements
0 and 1, respectively. Let Ly = L\ {0}. For each set X let L* denote the set of all
L-fuzzy subsets (or simply, fuzzy subsets) of X, that is, of all mappings f: X — L.
Assume that an order-reversing involution a — o’ of L is fixed. For each fuzzy set
f € L, let f" denote the complement of f defined by: f/(z) = f(z)’ for all x € X.
For each a € L let & denote the constant fuzzy subset of X with value a. For all
r € X and a € Ly, the fuzzy subset x, of X whose value a at x and 0 otherwise
is called a fuzzy point in X. By a fuzzy topology on X is meant ([5, 11]) a subset 7
of LX which contains the constant fuzzy sets 0 and 1 and is closed with respect to
the finite infima and arbitrary suprema. The pair (X, 7) is called a fuzzy topological
space. The elements of 7 are called open fuzzy subsets of X and the complements of
the open fuzzy sets are called closed fuzzy subsets of X. Denote by 7’ for the class
of all closed fuzzy subsets of X. A fuzzy topology 7 is called stratified ([13]) if @ € T

for each o € L.

Let 7 and 7 be fuzzy topologies on X. Then 7 ia said to be finer than = or
Ty is said to be coarser than 11 if ;1 O 7. The interior int, f of a fuzzy subset f of
X, with respect to the fuzzy topology 7 on X, is the greatest open fuzzy subset of
X less than or equal to f. Moreover, the closure cl, f of f, with respect to 7, is the

smallest closed fuzzy subset of X greater than or equal to f.

For more informations on the fuzzy sets, and fuzzy topological spaces we refer

to [5, 11, 15).

Fuzzy filters. A mapping M : L* — L is said to be a fuzzy filter on a non-



empty set X ([8]) if the following conditions are fulfilled:

(F1) M(a) <aforalla € L and M(1)=1.
(F2) M(f Ag)=M(f)ANM(g) for all f,g € L*.

A fuzzy filter M is called homogeneous ([7]) if M(a) = « for all « € L. Denote by
Fr X and Fp X for the sets of all fuzzy filters and of all homogeneous fuzzy filters on
X, respectively. For each x € X, the mapping @ : LX — L defined by i(f) = f(x)

for all f € LX is a homogeneous fuzzy filter on X.

If M and N are fuzzy filters on a set X, M is said to be finer than N or N is
said to be coarser than M, denoted by M < N, provided M(f) > N (f) holds for
all f € LX. By M £ N we denote that M is not finer than N. If L is a complete

chain, then

M LN <= thereis f € L* such that M(f) < N(f).

Let A be a set of fuzzy filters M on a set X. The supremum \ M of A
MeA

with respect to the finer relation of fuzzy filters exists if and only if A is non-empty.

Whereas the infimum A M of A does not exist, in general, as a fuzzy filter. The

MeA

infimum of A exists if A is bounded below. See the definitionsof \V/ Mand A M
MeA MeA

in [8].

Proposition 1.1 [8] Let A be a set of fuzzy filters on X. Then the infimum of
A with respect to the finer relation of fuzzy filters exists if and only if for each
non-empty finite subset {My, ..., My} of A we have

Ml(fl) /\/\Mn(fn) < Sup(fl /\"'/\fn)

for all fr,..., f, € L.

Fuzzy neighborhood filters at points and at sets. For each fuzzy topolog-
ical space (X, 7) and each # € X the mapping N (z) : L* — L defined by

N(z)(f) = int-f(z)



for all f € LX is a fuzzy filter on X, called the fuzzy neighborhood filter of the space
(X,7) at = ([9]). The fuzzy neighborhood filters fulfill the following conditions:

(N1) & < N(zx) holds for all z € X.

(N2) N(z)(y — N(y)(f)) =N(z)(f) for all z € X and f € L*.

The fuzzy neighborhood filter N'(F) at a set ' C X is defined by means of N (z),
x € F ([2]) as:

zeF
GT;-separation axioms and GTj-spaces. We had introduced some fuzzy
separation axioms, called GT;, in [1, 2] using the fuzzy neighborhood filters at points

and at sets as follows.
A fuzzy topological space (X, 1) is called:
(1) GTy if for all z,y € X with z # y we have & £ N (y) or y £ N (x).
(2) GTi if for all z,y € X with z # y we have © £ N (y) and y £ N (x).

(3) GTy or Hausdorff if for all z,y € X with x # y we have N(z) A N(y) does

not exist.

(4) regular if N'(z) AN (F) does not exist for all z € X, F C X with F = cl, F
and x & F.

(5) GTjs if it is regular and GTj.

(6) normal if for all Fl,FQ - X with F1 = ClTFl, FQ = CL—FQ and F1 N F2 = (Z) we
have NV (Fy) A N (F,) does not exist.

(7) GTy if it is normal and GTj.

By GT;-space we mean the fuzzy topological space which is G'T;.



2. Fuzzy Proximity Spaces

In this section we are going to study the relation between the fuzzy proximity o
defined in [12] and our fuzzy separation axioms GT;. To study this relation we make
at first a relation between the farness on fuzzy sets and the finer relation on fuzzy
filters. We need in this case to define the fuzzy neighborhood filter N'(f) and the
homogeneous fuzzy filter f at a fuzzy subset f of a set X and we show some results

for these fuzzy filters which will be used in this section.

In the following proposition we introduce the homogeneous fuzzy filter f for

every f € L.

Proposition 2.1 Let X be a set and f be a fuzzy subset of X. Then the supremum

of the homogeneous fuzzy filters x
f=V i (2.1)

1s a homogeneous fuzzy filter on X.

Proof. Since f = \ & forall f € LY, then f(g) = A g(x) for all g € L¥

' 0<f(x) 0<f(=)
and hence f (@)= A @(r)=a and
0< f(z)
flanh) = N (@Ab)(x) = N gl@)A h(z) = f(g) A f(h).
0<f(z) 0<f(z) 0<f(z)

Thus f is a homogeneous fuzzy filter on X. O

Now we introduce the fuzzy neighborhood filter N'(f) at a fuzzy set f.

Proposition 2.2 For every fuzzy topological space (X,T) and every fuzzy subset f
of X, the supremum of the fuzzy neighborhood filters N (x)

N =V N (2.2)

0<f(z)

15 a fuzzy filter on X called a fuzzy neighborhood filter at f.
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Proof. Since for all o € Ly we have

and

NHT) = A imt,T(y) = A I(y) = 1
0<f(y) 0<f(y)
Also we have

N(f)(gnh) = N\ int-(gAh)(y) = N (intrg Aint-h) (y)

0<f(y) 0<f(y)
= A intg(y) A A int;h(y) = N(f)(9) AN(f) (h).
0<f(y) 0<f(y)

Hence, N(f) is a fuzzy filter on X.

Moreover, since int,g () < g(z) forallz € X and g € LX, then A int,g(z) <
0<f(x)

A g(x) and thus N'(f) (¢9) < f(g) for all g € LX. Hence, f < N(f) and thus
0<f(z)
N (f) fulfills the condition (N1) of the fuzzy neighborhood filters.

Since for any y € X we have A y+— A int,g(y) represents the mapping
0<f(v) 0<f(v)
int,g and we have

N(f) (int,g) = /\ (intint,g)(z) = /A int.g(z)
0<f(=) 0<f(x)

then
NHCN y= N\ intrg(y)) = N(f)(9).

0<f(y) 0<f(v)
Hence, N (f) fulfills (N2) of the fuzzy neighborhood filters. O

The following result is clear.

Remark 2.1 Note that the supremum of the empty set of fuzzy filters is the finest
fuzzy filter and this means A'(0) < f for all f € LY.

For any fuzzy topological space (X, 7) the fuzzy filters defined in (2.1) and (2.2)

can be written as

F= A M), (2.3)



NHXN = A N@)N)= A int: Az), (2.4)

0<f(z) 0< f(z)
for all A € LX.

Lemma 2.1 For all f,g € L, we have

f<g ifandonlyiffgg.

Proof. Since f < g implies f(z) < g(z) forallz € X, then A Az)> A A=)
and this means f (\) > ¢ (\) for all A € LX. Thus f < g.

Conversely, f < ¢ implies A Az) > A A(z) for all X € L¥. Suppose
0<f(2) 0<g(z)
g(x) < f(z) for some x € X, then 0 < g(x) implies 0 < f(z) and hence A A(x) >
0<g(x)

A Ax). Thus g (\) > f (X)) forall A € LX, that is, § < f which is a contradiction.
0<f(2)
Hence, f(z) < g(x) for all z € X and then f < g. O

Here a useful remark is given.

Remark 2.2 For all x € X, a € Ly and a fuzzy point z, we have , = & and
moreover, the fuzzy neighborhood filter N'(x,) of x, is itself the fuzzy neighborhood
filter N (z) at x.

The fuzzy filters N'(f) and f fulfill the following properties.

Lemma 2.2 For all f,g € LX, the following properties are fulfilled:

(1) f < g implies N'(g') < f', and consequently N'(f) < g implies N'(g') < f'.
(2) f < g implies N(f) < N(g).

(3) N(f Vg)=N(f) AN(g).

(4) N(f) < g implies f < g.

(5) If N(f) < g, then there is an h € L such that N'(f) < h and N'(h) < g.
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Proof. f < g implies f < N(g) and hence for all A € L, we have

A Az) = A int A(y).

0< f(z) 0<g(y)

Thus

A AMz) < A it A(y),

0<f"(x) 0<g'(y)
that is, f/(\) < N(g') (\). Therefore N'(¢') < f'. Also, since N'(f) < ¢ implies
f < g, then N(f) < ¢ implies N'(¢') < f’ and hence (1) is fulfilled.

Since, f < g implies f(z) < g(z) for all z € X, then

/\ int; A(z) > A int; A(z).
0<f(z) 0<g(z)

Hence, N'(f) (A) > N(g) (A) for all A € L* and this means N'(f) < N (g). Thus (2)
is fulfilled.

From (2) we get N(f) < N (fVg) and N(g) < N (fVyg), that is, N(f)AN(g) <
N (fV g). Now, for all h € L* we have

WU AN () =V (N(f) (k) AN(g) (k2))

ki1Nko<h

= \/ ( /\ intT kl (l’) VAN /\ intr kQ(Z/) )
EiAke<h 0<f(z) 0<g(y)

S \/ /\ iIltT (l{?l A ]{?2) (Z)
kinke<h 0<(fVvg)(z)

< A inth(z) = N(fVg)(h).

0<(fvg) ()

Hence, N'(f V g) < N(f) AN(g) and therefore N'(f V g) = N(f) AN (g).

Since N(f) < ¢ implies f < ¢, then from Lemma 2.1 we get f < ¢ and hence
(4) is satisfied.

Let N(f) < g. Then A int;A(z) > A  Aly) for all A € L, and hence
0<f (=) 0<g(y)
there is an h € L* such that

A it A (z)> A Az) > A it A(z) > A Ay).

0<f(z) 0<h(z) 0<h(z) 0<g(y)



That means there is h € LX such that A(f) (A) > A(X) and N'(h) (A) > g()) for all
A e LX. Thus N(f) < h and N'(h) < g. Hence, (5) is fulfilled. O

A binary relation § on LY is called a fuzzy prozimity ([12]) on X provided it

fulfills the following conditions:

(P1) fég implies gd f, where § is the negation of 6.

(P2) (fV g)dh if and only if foh and gdh.

(P3) f=0or g=0 implies fég for all f,g € L*.

(P4) fég implies f < ¢'.

(P5) If fdg, then there is an h € LX such that foh and h'dg.
Clearly, (P1) and (P2) imply the following condition:

(P2") ho(f V g) if and only if hdf and hdg.

A set X equipped with a fuzzy proximity d on X is called a fuzzy proximity space
(X, 0).
In the following proposition, the fuzzy proximity will be identified with the finer

relation on fuzzy filters.

Proposition 2.3 The binary relation § on L which is defined by
fdg if and only if N(g) < f/
s a fuzzy proximity on X.

Proof. From (1) in Lemma 2.2, it follows that A'(g) < f’ implies N'(f) < ¢, and

thus f0 g implies g f. Hence, the condition (P1) of the fuzzy proximity is fulfilled.

Since N'(f) < N(fVg) and N'(g) < N(fVg) forall f, g € LX, then N'(fVg) < I/
implies N'(f) < ' and N(g) < W for all h € LX. Thus, hd (f V g) implies hd f
and hd g. Conversely, if N'(f) < b’ and N (g) < I’ for all h € L, then from (3) in
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Lemma 2.2 we have N(f) AN (g) = N(f V g) < I/ and hence hé f and hd g imply
hé(fVg). Thus (P2) is fulfilled.

From Remark 2.1, it follows N'(0) < ' for all f € LX. This means f 30 for all
f € LX. Hence, f =0 or g =0 implies f§ g. Therefore, (P3) is fulfilled.

From (4) in Lemma 2.2, it follows N (f) < ¢ implies f < ¢ and then ¢4 f
implies f < ¢’. That is, (P4) is fulfilled.
From (5) in Lemma 2.2 we have N'(f) < ¢’ implies there is an h € LX such that

N(f) < h and N(h) < ¢'. Hence, ¢ f implies there is an h € L* such that gé h
and /¢ f. Thus, (P5) holds. O

To each fuzzy proximity 0 on a set X is associated a fuzzy topology 75. The

related interior and closure operators ints and cly are given by

intsf = \/ g (2.5)
Y
and
csf = /\g (2.6)
g'of

respectively, for all f € LX.

A fuzzy proximity ¢ on a set X is called separated if z # y in X implies 2,0y
for all o, B € Lo ([12]).

In the following we shall show that the associated fuzzy topology 75 of a fuzzy

proximity ¢ is GTj if and only if ¢ is separated.

Proposition 2.4 Let (X,0) be a fuzzy proximity space and let 15 be the fuzzy topol-
ogy associated to d. Then

0 s separated if and only if 75 is G'Ty.

Proof. Let § be a separated fuzzy proximity and # # y in X. Then z;dy; and
this means, by Proposition 2.3 and Remark 2.2, that N (y) < 2/. Thus ints f(y) >

11



A f(z) for all f € LX, taking f = 2} we get ints 2} (y) = 1, 2} (x) = 0 and hence
zF#x
there is f = ) € L* such that ints f(y) > f(z), that is, & £ N(y). Therefore, 75 is

GTp.

Now, let 75 be GTy and x # y in X. Then & £ N (y) and this means there is
f € LY such that ints f(y) > f(z). From (2.5) we get V g¢(y) > f(x) and hence
f'8g

f(x) < g(y) for all ¢ € L* with f'dg, that is, f(x) < g(y) for all g € LX with
N(g) < f. Taking f = 2, and g = y; we get N'(y) < 2/ and then by Proposition

2.3 we have 1 0 y;. Therefore z,yg for all a, 3 € Lg. O

In the following proposition we are going to show an important result which we

need in the next part of this section.

Proposition 2.5 If (X,0) is a fuzzy prozimity space, then
fég if and only if cl, focl.g

for all f,g € L.

Proof. From Proposition 2.3, cl, f 0 cl, g implies N'(cl, g) < (CIT' f). Since f <cl, f
and N(g) < N(cl, g) for all f,g € L, then N'(g) < f’ and hence f 4 g.

Conversely, since f 8 g implies N'(g) < f’, then ¢ < N(f") < N(cl. f'). From (1)
in Lemma 2.2 we have N(cl, f) < ¢’ and then gdcl, f. Also, gécl, f means that
N(cl, f) < ¢, that is, (cl, f) < N (¢') and once again by Lemma 2.2 we have

(el ) < N(g') <N (el o)
implies N (cl; g) < (cl, f). Thus cl, fécl,g. O

In the following we shall give another description of the fuzzy regular spaces.

Proposition 2.6 Let (X, 7) be a fuzzy topological space. Then the following state-

ments are equivalent:
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(1) (X,7) is regular.

(2) For allz € X and f € L™ with N(x) < f, there exists g € L such that
N(z) < g and N(cl.g) < f.

Proof. (1) = (2): Let (X, 7) be a regular fuzzy topological space and let N (z) < f
for all z € X and f € L*. Then from (5) in Lemma 2.2 we have g € L~ such that

N(z) < gand N(g) < f.

N(g) < f means that

/\mt/\ >/\)\

0<g(z) 0<f(y)

for all A € LX. Since (X, 7) is regular, then cl, N'(z) = N (z) for all z € X and this

means

int;A(z) = AV inth(z) > /\ My

0<g(z) clrh<X 0<f(y

for all A\ € LX, hence

\/ /\mth >/\)\

clrh<h 0<g(z) 0<f(y)
From that g < cl,g for all g € L it follows
\/ AN inth(z) = A \/ int;h(z) > A A(y).
clrh<X 0<clrg(z) 0<clrg(z) clrh<X 0<f(y)

Also, since

\V inth(z) = b, N(2)(A) = N(2)(\) = int A (z)

clrh<A

for all z € X and A € L¥, then

AN intA(z >/\ A(y).

0<clrg(2) 0<f(y

Thus N (cl.g) (\) > f()\) and hence N(cl.g) < f. That is, N'(z) < f implies there
is g € LY such that NV(z) < g and N(cl,g) < f, and therefore (2) holds.
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(2) = (1): Let (2) be fulfilled and let x ¢ F = cl, F' in X. Then z € F' and
from Lemma 2.1 and from (2) in Lemma 2.2 we get N (z) < x and then there is
g € L* such that N (z) < g and N (g) < N(cl, g) < xp. From (1) in Lemma 2.2
we have NV (F) < ¢’ and hence

N@) N ANE) () = g Ag () = N AMm) A A\ pn)
0<g(m) 0<g’(n)
for all \, u € LX. Taking g = 2, Vy; for o # y € F' we get
N (@) (N) AN(F) (1) = A Am) A A wn)
0<(z1Vy1)(m) 0<(z1Vy1)'(n)

for all A\, u € L. Since for A = (z1 Vy;) and g = (z; Vy1) we have sup (AAp) =0
and N (z) (A\) AN(F) (1) > 0, then N (z) AN (F) does not exist and hence (X, 7)

is regular. O

In the next proposition will be shown that for each fuzzy proximity is associated

a regular, in our sense, fuzzy topology.

Proposition 2.7 Let § be a fuzzy proximity on a set X. Then the associated fuzzy

topology 75 is reqular.

Proof. Let z € X and f € LX with N'(z) < f. Then f'd x1, and from (P5) we have
there is ¢ € L~ such that f’d g and ¢’ 0 z;. By means of Proposition 2.5 we have
cls f'  cls g and hence N(cls g) < (cls f) < f, and N'(z) < . Therefore, N'(z) < f
implies there exists g € L such that N (z) < ¢ and N(cls ¢) < f and thus (X, 75)

is regular. O

In the following we shall give an equivalent form for the fuzzy normal spaces.

Proposition 2.8 Let (X, 7) be a fuzzy topological space. Then the following state-

ments are equivalent:

(1) (X, 7) is normal.
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(2) For all AC X with cl, A=A and all f e LX with N(A) < f, there eists
g € LY such that N(A) < g and N(cl, g) < f.

Proof. (1) = (2): Let (X,7) be a normal fuzzy topological space and let N'(A) < f
for all A C X with A =cl,Ain X and all f € LX. Then from (5) in Lemma 2.2 we
have g € L~ such that

N(A) < gand N(g) < f.

N(g) < f means that

/\1nt/\ >/\)\

0<g(2) 0<f(y)

for all A € LX. Since (X, 7) is normal, then cl, N'(A) = N (A), that is,

A int;A(z) = \/ A int/h(z)

T€A cl:h<\ z€A

for all A € LX. But N'(A) < ¢ implies A < ¢ and from Lemma 2.1 we get A C Syg
and then

A int,A(z) > A intA(z)

z€A 0<g(x)

for all A\ € L*. Hence, similarly as in the first direction in Proposition 2.6 we have

N(g) < f implies

N it A(z) = A A intA(z) = /\ VA int/h(z
Ay

z€A 0<g(z) z€A ) clrh<A z€A
> A\ intA(z) > /\
0<g(z) <fly

which means, from that g < cl,g,

V A A inth(z) > /\ Ay

clrh<X 0<clrg(z) z€A 0<f(y

and this means

AV Aith(@) = A A it >/\A

0<clrg(z) clrh<\ zcA 0<clrg(z) z€A 0<f(y
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Hence, N'(cl,g) (A) > f(\) for all A € LX and thus N(cl,g) < f. Therefore N'(A) <
f implies there is g € L such that N'(4) < g and NV(cl.h) < f and thus (2) holds.

(2) = (1): Let (2) be hold and let A, B be two disjoint closed subsets of X. Then
A C B’ and hence from Lemma 2.1 and (2) in Lemma 2.2 we get N'(A) < xp/. From
(2) in this proposition we have g € L* such that N'(A) < ¢ and N(cl, g) < x5/,
that is, A'(4) < ¢ and N (B) < (cl, g)’ < ¢’ which means

N(A) N AN(B) (1) = 9(\) A g'(n)

for all \,u € L~. Taking g = (xa V 1) for x € B’ \ A. Then for A = g and pu = ¢’
we have sup(AA pu) =0 and N(A) (A\) AN(B) (1) > sup (A A p) and therefore

(X, 7) is normal. O

Now, we are going to show another important relation between the fuzzy prox-

imity and the fuzzy normal spaces in our sense.

Proposition 2.9 If (X, 1) is a normal fuzzy topological space, then the binary re-
lation 6 on X defined by

fog < N(d f) < (cl g (2.7)
is a fuzzy prozimity on X. Conversely, in a fuzzy proximity space (X,d) with 0

fulfills (2.7) the fuzzy topological space (X, 15) is normal.

Proof. Let (X,7) be a fuzzy topological space and let 6 be a binary relation
defined by (2.7). f3 g implies N'(cl; f) < (cl; g) and from (1) in Lemma 2.2 we get
N(cl, g) < (clT' f)" and then g6 f. Hence, the condition (P1) of the fuzzy proximity
is fulfilled.

Let (f V g)dh. Then
N, fvelg) = N, (fVg)) < (cl, h).

From Lemma 2.2 it follows N(cl; f) < (cl, k) and N(cl, g) < (cl; h)'. Thus (f V
¢) 8 h implies fdh and gdh. Also, from Lemma 2.2 we have N(cl, f) < cl A/ and
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N(cl, g) < el b’ implies
Nl fVelg) = N(cl, f) AN(cl, g) < el

that is, foh and gdh implies (f V g) § h. Therefore, (P2) is fulfilled.

Since N (0) is the finest fuzzy filter on X and from that cl, 0 = 0 we get N'(0) =
N(cl,0) < (cl, f) for all f € LX. Thus 06 f for all f € L, in other wards f =0
or g = 0 implies f g and then (P3) holds.

Since fdg implies N(cl, f) < (cl; )" which means (cl, f) < (cl,g). From
Lemma 2.1 we get f <cl, f < (cl, g) < g¢" and hence (P4) is satisfied.

Let fdg. Then N(cl, f) < (CIT' g)'. Taking F' = Sy(cl, f), then we get F' = cl. F
in X and then fd g implies A'(F) < (cl, g). From the normality condition listed
in Proposition 2.8, there is a fuzzy set A’ € L with arbitrary choice such that
N(F) = N(cl, f) < (cl; h) < (h') such that N(cl. &) < (cl, g)'. Hence, we get
h € LX such that N(cl, f) < (cl. k) and N(cl, &') < (cl, g)’, which means that
fOoh and W' & g. Thus (P5) is fulfilled.

Conversely, let A and B are two disjoint closed subsets of X. Then A C B’ and
then x4 < X = X/, and hence from (1) in Lemma 2.2 we have N'(yp) < 4. Since
A, B are closed, then

N (cls xn) = N(x5) < X4 = (cls xa)’
which means that x40 xp. From (P5) there exists g € LX such that
N(xs) = N(B)<gand N(g) <xy = A
and again from (1) in Lemma 2.2 we have N'(A) < ¢'. Hence,
N(B)(\) AN(A) (1) = g0 A g'(n)

for all A\, € LX. Taking g = xp Vo1 € L™ for v € A’ \ B. Then if we take
A=g=xpVazand p=¢ = (xp V), we get sup(AA p) =0 and

N(B) (M) AN(A) (1) = 0.
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Thus, we get \, u € LX such that
N(B) (A) AN (A) (1) = sup (A A )

and therefore (X, 75) is normal. O

3. G-Compact Spaces

The notion of G-Compactness is defined by means of the fuzzy filters and therefore
it will be suitable to study here the relation between this notion and our fuzzy

separation axioms GT;.

Let M be a fuzzy filter on a set X. The element z € X is called a cluster point
of M if the infimum M A N (z) of M and the fuzzy neighborhood filter N'(x) at x
exists, equivalently if there exists a fuzzy filter IC finer than M which converges to

x, that is, K < M (x). Notice that any convergent fuzzy filter has a cluster point.

A fuzzy topological space (X, 7) is called G-compact if every fuzzy filter on X
has a cluster point in X ([9]).

Let (X, 7) be a fuzzy topological space. Then a subset A of X is called closed
with respect to 7 if M < N(z) implies 2 € A for some M € F A.

Our GT;-spaces fulfill the following result.

Proposition 3.1 Fvery G-compact subset of GT5-space is closed.

Proof. Let (X, 7) be a GTy-space and let A be a G-compact subset of X. Then for
all M € Fp A, there exists K < M, K € Fp A such that £ < N (x) for some x € A.
Since K € FLA C Fr.X and (X, 7) is GTy, then K < N (z) and £ < N (y) imply
y = x, that is, for some K € Fp A with K < N (y) we get y € A. Hence, A is closed.
O

In the following proposition we show another property of G'T3-spaces.
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Proposition 3.2 Let (X,7) be a GTy-space. Then any two disjoint G-compact
subsets A and B of X have fuzzy neighborhood filters N (A) and N (B) such that
N(A) AN(B) does not exist.

Proof. Let A and B be two disjoint G-compact subsets of X. Then for all I € F A,
there exists M < K, M € Fp A such that M < N(x) for some x € A and for all
L € FB, there exists N' < £, N € F.B such that N' < N(y) for some y € B.
Since Fp A C Fr. X and F; B C Fr X, then we can say that

M < N(z) S N(A), N <N(y) <N(B)

and there is W = (M AN) € F. X such that W < N(z) and W < N(y) for
some ¢ € A and some y € B. But (X,7) is GTy-space and hence x = y which
contradicts that A and B are disjoint. Hence, for every V € F1 X we get V £ N(A)
or V £ N(B) which means that N'(A) A N (B) does not exist. Thus A and B can

be separated by two disjoint neighborhoods. O

The notion of G-compactness fulfills the following property which will be used

to prove the important result given in Proposition 3.4.

Proposition 3.3 Every closed subset of G-compact space (X, T) is G-compact.

Proof. Let A be a closed subset of X and (X,7) be G-compact space, and let
M € FrLA. Then M < N(x) implies x € A. Since, F A C Fr. X, then M € Fr X
and hence there exists I < M such that £ < N (z) and

K:SME.FLAQ.FLX

which means that € F A. Thus for M € F A we get K < M such that
K <N(zx), z € A. Hence A is G-compact. O

The following proposition introduces an important property of G-compact GT5-

spaces.
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Proposition 3.4 Fvery G-compact G'T5-space is GTy-spaces.

Proof. The proof follows directly from Propositions 3.2 and 3.3. O

Lemma 3.1 If 11 and 75 are fuzzy topologies on a set X, 1 s finer than 1o and

(X, 1) is G-compact, then (X, 1) is also G-compact.

Proof. Let N, (z) and N,,(z) be the fuzzy neighborhood filters at = with respect
to 7 and 7y, respectively. Since 7y is finer than 7, implies N, () < N, (z) for all
z € X, then for any M € Fr X with M < N, (x) we get M < N, (x). Hence,

(X, 1) is G-compact implies (X, 75) is G-compact. O

Proposition 3.5 [1] For any GTy-space (X, T) and any fuzzy topology o on X which

is finer than T, we have (X, 0) is also GTy-space.

Proposition 3.6 Let 71 and 15 be fuzzy topologies on a set X with T be finer than
To, (X, 711) be G-compact space and let (X, 1) be GTy-space. Then T is equivalent

to 1.

Proof. From Proposition 3.5 we get (X, 71) is also GTy-space, and from Lemma 3.1
we have (X, 7y) is also G-compact space. Then we can find the identity mapping
idy : (X,71) — (X, 72) which is a bijective fuzzy continuous mapping and open,

that is, a homeomorphism. Hence, (X, 7y) is equivalent to (X, 7). O

4. Fuzzy Uniform Spaces

In this section we study the relation between the fuzzy uniform spaces introduced

in [10] and the GT;-spaces.

By a fuzzy relation on a set X we mean a mapping u : X x X — L, that is, a

fuzzy subset of X x X. For each fuzzy relation u on X, the inverse u=! of w is the
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fuzzy relation on X defined by u™'(x,y) = u(y,z) for all z,y € X. Let U be fuzzy
filter on X x X. The inverse U™ of U is a fuzzy filter on X x X defined by

U (u) = Uu™)

for all u € LX*X.

The composition v o u of two fuzzy relations u and v on X is the fuzzy relation

on X defined by
(vou)(z,y) = V (u(z,2) Av(z,y))

zeX
for all x,y € X.

For each pair (z,y) of elements z, y of X, the mapping (z,y)" : L**¥ — L
defined by

(z,y) (u) = u(z,y)

for all u € LX*X is a homogeneous fuzzy filter on X x X.

Let U and V be fuzzy filters on X x X such that (z,y)" < U and (y,z)" <V
hold for some z,y,z € X. Then the composition V olU of U and V is a fuzzy filter
on X x X defined by

(Votl)(w) =\ Uu)AV(v))

vou<w
for all w € LX*X ([10]).

By a fuzzy uniform structure U on a set X ([10]) we mean a fuzzy filter on X x X

such that the following conditions are fulfilled:

(Ul) (x,z)" <U for all z € X.
(U2) U =U".

(U3) Uol <U.

The pair (X,U) is called fuzzy uniform space.
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To each fuzzy uniform structure U on X is associated a stratified fuzzy topology

Ty. The related interior operator int;, is given by

ity f(x) = U[Z](f) (4.1)
for all z € X ([4, 10]).

A fuzzy uniform structure & on X is called separated if for all z,y € X with
x # y there is u € L**X such that U(u) = 1 and u(z,y) = 0. The space (X,U) is

called separated fuzzy uniform space.

Proposition 4.1 Let X be a set, U a fuzzy uniform structure on X and 1y the

fuzzy topology induced by U. Then

(X,U) separated if and only if (X, 1) is GTy-space.

Proof. For x # y if (X,U) is separated, then there is u € L**¥ such that U (u) = 1
and u(z,y) = 0. Let f = ufy,] for which
fa) = uly)(z) =\ u(z,2) Ayn(2) = 0
zeX

and

inty f(y) = UGI(F) =\ Uw) Agly) =1,

ulg]<f

that is, there is f = u[y;] € L such that f(z) < inty f(y) and hence @ £ Ny (y),
where Ny(y) is the fuzzy neighborhood filter of the space (X, 7,) at y. This means
(X, m4) is GTy-space.

Now let (X, 7y) be GTy-space and z # y in X. Then there is f € LX such that
f(z) < inty f(y) and this means \/ U(u) A g(y) > f(x). Hence, there is

ulg]<f

B inty, f(y) if z =y,
u(z,y) =
f(x) if x #y

for which u(z,y) = 0 and U(u) = 1. Thus, (X,U) is separated. O
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