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Abstract

In this paper, we study the relation between the fuzzy separation axioms, which had been

introduced by the authors in 2001, and the fuzzy proximity defined by Katsaras in 1980. We study

also the relation between our fuzzy separation axioms and the G-compactness defined by Gähler

in 1995. Moreover, we show here the relation between these fuzzy separation axioms and the fuzzy

uniform structures introduced and studied by Gähler and the first author in 1998.
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0. Introduction

In [1, 2] we had introduced a new kind of fuzzy separation axioms for fuzzy topo-

logical spaces related to the usual points and ordinary subsets. These axioms are

defined, analogously to the separation axioms in the classical case ([6]), using the

notion of fuzzy neighborhood filter which had been introduced by Gähler in [9].

Denote by GTi for these axioms and by GTi-spaces for the fuzzy topological spaces

which fulfill the axioms GTi. We had studied the cases i = 0, 1, 2, 3, 4.

Our fuzzy separation axioms GTi and our GTi-spaces, i = 0, 1, 2, 3, 4 fulfill many

properties analogous to the usual ones. Some of these properties had studied in [1,

2, 3]. This paper is devoted to study further properties for these axioms. We study
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here the relation between the GTi-spaces and the fuzzy proximity spaces, G-compact

spaces and the fuzzy uniform spaces.

In Section 1 of this paper some definitions and notations, related to fuzzy sets,

fuzzy topologies, fuzzy filters and fuzzy separation axioms GTi are given.

Section 2 is devoted to study the relation between the fuzzy proximity defined

by Katsaras in [12] and our fuzzy separation axioms. It will be shown that any fuzzy

proximity is separated if and only if the associated fuzzy topology is GT0 and to

each fuzzy proximity is associated a regular fuzzy topology in our sense. Moreover,

for each normal fuzzy topological space (X, τ) the binary relation on LX defined by

means of the closure operator clτ of τ , in equation (2.7), is a fuzzy proximity on X

and conversely, to each fuzzy proximity δ, which has a closure operator clδ fulfills

the binary relation given in (2.7), is associated a normal fuzzy topology.

There is a good notion of fuzzy compactness, called G-Compactness, had been

introduced and studied by Gähler in [9]. This notion fulfills main properties. For

example: It fulfills the Tychonoff Theorem. The notion of G-Compactess is defined

using the fuzzy filters, and so it is possible to make a relation between this com-

pactness and our fuzzy separation axioms. This relation will be shown in Section 3.

It will be shown that each G-Compact subset of GT2-space is closed and that each

G-Compact GT2-space is GT4-space and moreover that if (X, τ2) is a G-Compact

space finer than a GT2-space (X, τ1), then (X, τ1) is homeomorphic to (X, τ2).

A notion of fuzzy uniform structure had been introduced and studied by Gähler

et all in [10]. A fuzzy uniform structure U on a set X in sense of [10] is defined,

analogously to Weil’s definition of a uniform structure ([14]), as a special fuzzy

filter on the product set X ×X. We introduce in the last section of this paper the

notion of separated fuzzy uniform space and we then show the relation between these

separated fuzzy uniform spaces and the GTi-spaces. It will be shown that the fuzzy

uniform spaces are separated if and only if the induced fuzzy topological spaces are

GT0. As an example for the application of fuzzy sets and fuzzy topology one could
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mention the recent work on the connection between quantum gravity and the Cantor

space C = 2N of descripte set theory [16]. We note that replacing A = 2 = [0, 1] by

A = [0 − 2] = (1 +
√

5)/2 one obtain what may be called fuzzy Cantor space used

in E-Infinity by Elnaschie.

1. Notations and Preliminaries

In the following consider L is a complete chain with different least and last elements

0 and 1, respectively. Let L0 = L \ {0}. For each set X let LX denote the set of all

L-fuzzy subsets (or simply, fuzzy subsets) of X, that is, of all mappings f : X → L.

Assume that an order-reversing involution α 7→ α′ of L is fixed. For each fuzzy set

f ∈ LX , let f ′ denote the complement of f defined by: f ′(x) = f(x)′ for all x ∈ X.

For each α ∈ L let ᾱ denote the constant fuzzy subset of X with value α. For all

x ∈ X and α ∈ L0, the fuzzy subset xα of X whose value α at x and 0 otherwise

is called a fuzzy point in X. By a fuzzy topology on X is meant ([5, 11]) a subset τ

of LX which contains the constant fuzzy sets 0 and 1 and is closed with respect to

the finite infima and arbitrary suprema. The pair (X, τ) is called a fuzzy topological

space. The elements of τ are called open fuzzy subsets of X and the complements of

the open fuzzy sets are called closed fuzzy subsets of X. Denote by τ ′ for the class

of all closed fuzzy subsets of X. A fuzzy topology τ is called stratified ([13]) if α ∈ τ

for each α ∈ L.

Let τ1 and τ2 be fuzzy topologies on X. Then τ1 ia said to be finer than τ2 or

τ2 is said to be coarser than τ1 if τ1 ⊇ τ2. The interior intτf of a fuzzy subset f of

X, with respect to the fuzzy topology τ on X, is the greatest open fuzzy subset of

X less than or equal to f . Moreover, the closure clτf of f , with respect to τ , is the

smallest closed fuzzy subset of X greater than or equal to f .

For more informations on the fuzzy sets, and fuzzy topological spaces we refer

to [5, 11, 15].

Fuzzy filters. A mapping M : LX → L is said to be a fuzzy filter on a non-
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empty set X ([8]) if the following conditions are fulfilled:

(F1) M(ᾱ) ≤ α for all α ∈ L and M( 1 ) = 1.

(F2) M(f ∧ g) = M(f) ∧M(g) for all f, g ∈ LX .

A fuzzy filter M is called homogeneous ([7]) if M(ᾱ) = α for all α ∈ L. Denote by

FLX and FLX for the sets of all fuzzy filters and of all homogeneous fuzzy filters on

X, respectively. For each x ∈ X, the mapping ẋ : LX → L defined by ẋ(f) = f(x)

for all f ∈ LX is a homogeneous fuzzy filter on X.

If M and N are fuzzy filters on a set X, M is said to be finer than N or N is

said to be coarser than M, denoted by M≤ N , provided M(f) ≥ N (f) holds for

all f ∈ LX . By M 6≤ N we denote that M is not finer than N . If L is a complete

chain, then

M 6≤ N ⇐⇒ there is f ∈ LX such that M(f) < N (f).

Let A be a set of fuzzy filters M on a set X. The supremum
∨

M∈A
M of A

with respect to the finer relation of fuzzy filters exists if and only if A is non-empty.

Whereas the infimum
∧

M∈A
M of A does not exist, in general, as a fuzzy filter. The

infimum of A exists if A is bounded below. See the definitions of
∨

M∈A
M and

∧
M∈A

M
in [8].

Proposition 1.1 [8] Let A be a set of fuzzy filters on X. Then the infimum of

A with respect to the finer relation of fuzzy filters exists if and only if for each

non-empty finite subset {M1, . . . ,Mn} of A we have

M1(f1) ∧ · · · ∧Mn(fn) ≤ sup(f1 ∧ · · · ∧ fn)

for all f1, . . . , fn ∈ LX .

Fuzzy neighborhood filters at points and at sets. For each fuzzy topolog-

ical space (X, τ) and each x ∈ X the mapping N (x) : LX → L defined by

N (x)(f) = intτf(x)
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for all f ∈ LX is a fuzzy filter on X, called the fuzzy neighborhood filter of the space

(X, τ) at x ([9]). The fuzzy neighborhood filters fulfill the following conditions:

(N1) ẋ ≤ N (x) holds for all x ∈ X.

(N2) N (x)(y 7→ N (y)(f)) = N (x)(f) for all x ∈ X and f ∈ LX .

The fuzzy neighborhood filter N (F ) at a set F ⊆ X is defined by means of N (x),

x ∈ F ([2]) as:

N (F ) =
∨

x∈F

N (x).

GTi-separation axioms and GTi-spaces. We had introduced some fuzzy

separation axioms, called GTi, in [1, 2] using the fuzzy neighborhood filters at points

and at sets as follows.

A fuzzy topological space (X, τ) is called:

(1) GT0 if for all x, y ∈ X with x 6= y we have ẋ 6≤ N (y) or ẏ 6≤ N (x).

(2) GT1 if for all x, y ∈ X with x 6= y we have ẋ 6≤ N (y) and ẏ 6≤ N (x).

(3) GT2 or Hausdorff if for all x, y ∈ X with x 6= y we have N (x) ∧ N (y) does

not exist.

(4) regular if N (x) ∧ N (F ) does not exist for all x ∈ X, F ⊆ X with F = clτF

and x 6∈ F .

(5) GT3 if it is regular and GT1.

(6) normal if for all F1, F2 ⊆ X with F1 = clτF1, F2 = clτF2 and F1 ∩ F2 = ∅ we

have N (F1) ∧N (F2) does not exist.

(7) GT4 if it is normal and GT1.

By GTi-space we mean the fuzzy topological space which is GTi.
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2. Fuzzy Proximity Spaces

In this section we are going to study the relation between the fuzzy proximity δ

defined in [12] and our fuzzy separation axioms GTi. To study this relation we make

at first a relation between the farness on fuzzy sets and the finer relation on fuzzy

filters. We need in this case to define the fuzzy neighborhood filter N (f) and the

homogeneous fuzzy filter ḟ at a fuzzy subset f of a set X and we show some results

for these fuzzy filters which will be used in this section.

In the following proposition we introduce the homogeneous fuzzy filter ḟ for

every f ∈ LX .

Proposition 2.1 Let X be a set and f be a fuzzy subset of X. Then the supremum

of the homogeneous fuzzy filters ẋ

ḟ =
∨

0<f(x)

ẋ (2.1)

is a homogeneous fuzzy filter on X.

Proof. Since ḟ =
∨

0<f(x)
ẋ for all f ∈ LX , then ḟ(g) =

∧
0<f(x)

g(x) for all g ∈ LX

and hence ḟ (α) =
∧

0<f(x)
α(x) = α and

ḟ (g ∧ h) =
∧

0<f(x)

(g ∧ h)(x) =
∧

0<f(x)

g(x) ∧ ∧

0<f(x)

h(x) = ḟ(g) ∧ ḟ(h).

Thus ḟ is a homogeneous fuzzy filter on X. 2

Now we introduce the fuzzy neighborhood filter N (f) at a fuzzy set f .

Proposition 2.2 For every fuzzy topological space (X, τ) and every fuzzy subset f

of X, the supremum of the fuzzy neighborhood filters N (x)

N (f) =
∨

0<f(x)

N (x) (2.2)

is a fuzzy filter on X called a fuzzy neighborhood filter at f .
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Proof. Since for all α ∈ L0 we have

N (f) (α) =
∧

0<f(y)

intτ α(y) ≤ ∧

0<f(y)

α(y) = α

and

N (f) (1) =
∧

0<f(y)

intτ 1 (y) =
∧

0<f(y)

1(y) = 1.

Also we have

N (f) (g ∧ h) =
∧

0<f(y)

intτ (g ∧ h) (y) =
∧

0<f(y)

(intτg ∧ intτh) (y)

=
∧

0<f(y)

intτg (y) ∧ ∧

0<f(y)

intτh (y) = N (f) (g) ∧N (f) (h).

Hence, N (f) is a fuzzy filter on X.

Moreover, since intτg (x) ≤ g(x) for all x ∈ X and g ∈ LX , then
∧

0<f(x)
intτg (x) ≤

∧
0<f(x)

g(x) and thus N (f) (g) ≤ ḟ(g) for all g ∈ LX . Hence, ḟ ≤ N (f) and thus

N (f) fulfills the condition (N1) of the fuzzy neighborhood filters.

Since for any y ∈ X we have
∧

0<f(y)
y 7→ ∧

0<f(y)
intτg (y) represents the mapping

intτg and we have

N (f) (intτg) =
∧

0<f(x)

(intτintτg) (x) =
∧

0<f(x)

intτg (x)

then

N (f) (
∧

0<f(y)

y 7→ ∧

0<f(y)

intτg (y) ) = N (f) (g).

Hence, N (f) fulfills (N2) of the fuzzy neighborhood filters. 2

The following result is clear.

Remark 2.1 Note that the supremum of the empty set of fuzzy filters is the finest

fuzzy filter and this means N (0) ≤ ḟ for all f ∈ LX .

For any fuzzy topological space (X, τ) the fuzzy filters defined in (2.1) and (2.2)

can be written as

ḟ (λ) =
∧

0<f(x)

λ(x), (2.3)
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N (f) (λ) =
∧

0<f(x)

N (x) (λ) =
∧

0<f(x)

intτ λ(x), (2.4)

for all λ ∈ LX .

Lemma 2.1 For all f, g ∈ LX , we have

f ≤ g if and only if ḟ ≤ ġ.

Proof. Since f ≤ g implies f(x) ≤ g(x) for all x ∈ X, then
∧

0<f(x)
λ(x) ≥ ∧

0<g(x)
λ(x)

and this means ḟ (λ) ≥ ġ (λ) for all λ ∈ LX . Thus ḟ ≤ ġ.

Conversely, ḟ ≤ ġ implies
∧

0<f(x)
λ(x) ≥ ∧

0<g(x)
λ(x) for all λ ∈ LX . Suppose

g(x) ≤ f(x) for some x ∈ X, then 0 < g(x) implies 0 < f(x) and hence
∧

0<g(x)
λ(x) ≥

∧
0<f(x)

λ(x). Thus ġ (λ) ≥ ḟ (λ) for all λ ∈ LX , that is, ġ ≤ ḟ which is a contradiction.

Hence, f(x) ≤ g(x) for all x ∈ X and then f ≤ g. 2

Here a useful remark is given.

Remark 2.2 For all x ∈ X, α ∈ L0 and a fuzzy point xα we have ẋα = ẋ and

moreover, the fuzzy neighborhood filter N (xα) of xα is itself the fuzzy neighborhood

filter N (x) at x.

The fuzzy filters N (f) and ḟ fulfill the following properties.

Lemma 2.2 For all f, g ∈ LX , the following properties are fulfilled:

(1) ḟ ≤ ġ implies N (g′) ≤ ḟ ′, and consequently N (f) ≤ ġ implies N (g′) ≤ ḟ ′.

(2) f ≤ g implies N (f) ≤ N (g).

(3) N (f ∨ g) = N (f) ∧N (g).

(4) N (f) ≤ ġ implies f ≤ g.

(5) If N (f) ≤ ġ, then there is an h ∈ LX such that N (f) ≤ ḣ and N (h) ≤ ġ.
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Proof. ḟ ≤ ġ implies ḟ ≤ N (g) and hence for all λ ∈ LX , we have

∧

0<f(x)

λ(x) ≥ ∧

0<g(y)

intτ λ(y).

Thus
∧

0<f ′(x)

λ(x) ≤ ∧

0<g′(y)

intτ λ(y),

that is, ḟ ′ (λ) ≤ N (g′) (λ). Therefore N (g′) ≤ ḟ ′. Also, since N (f) ≤ ġ implies

ḟ ≤ ġ, then N (f) ≤ ġ implies N (g′) ≤ ḟ ′ and hence (1) is fulfilled.

Since, f ≤ g implies f(x) ≤ g(x) for all x ∈ X, then

∧

0<f(x)

intτ λ(x) ≥ ∧

0<g(x)

intτ λ(x).

Hence, N (f) (λ) ≥ N (g) (λ) for all λ ∈ LX and this means N (f) ≤ N (g). Thus (2)

is fulfilled.

From (2) we get N (f) ≤ N (f∨g) and N (g) ≤ N (f∨g), that is, N (f)∧N (g) ≤
N (f ∨ g). Now, for all h ∈ LX we have

(N (f) ∧N (g)) (h) =
∨

k1∧k2≤h

( N (f) (k1) ∧N (g) (k2) )

=
∨

k1∧k2≤h

(
∧

0<f(x)

intτ k1(x) ∧ ∧

0<g(y)

intτ k2(y) )

≤ ∨

k1∧k2≤h

∧

0<(f∨g)(z)

intτ (k1 ∧ k2) (z)

≤ ∧

0<(f∨g) (z)

intτh(z) = N (f ∨ g) (h).

Hence, N (f ∨ g) ≤ N (f) ∧N (g) and therefore N (f ∨ g) = N (f) ∧N (g).

Since N (f) ≤ ġ implies ḟ ≤ ġ, then from Lemma 2.1 we get f ≤ g and hence

(4) is satisfied.

Let N (f) ≤ ġ. Then
∧

0<f(x)
intτ λ(x) ≥ ∧

0<g(y)
λ(y) for all λ ∈ LX , and hence

there is an h ∈ LX such that

∧

0<f(x)

intτλ (x) ≥ ∧

0<h(z)

λ(z) ≥ ∧

0<h(z)

intτλ (z) ≥ ∧

0<g(y)

λ (y).
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That means there is h ∈ LX such that N (f) (λ) ≥ ḣ(λ) and N (h) (λ) ≥ ġ(λ) for all

λ ∈ LX . Thus N (f) ≤ ḣ and N (h) ≤ ġ. Hence, (5) is fulfilled. 2

A binary relation δ on LX is called a fuzzy proximity ([12]) on X provided it

fulfills the following conditions:

(P1) fδg implies gδf , where δ is the negation of δ.

(P2) (f ∨ g)δh if and only if fδh and gδh.

(P3) f = 0 or g = 0 implies fδg for all f, g ∈ LX .

(P4) fδg implies f ≤ g′.

(P5) If fδg, then there is an h ∈ LX such that fδh and h′δg.

Clearly, (P1) and (P2) imply the following condition:

(P2′) hδ(f ∨ g) if and only if hδf and hδg.

A set X equipped with a fuzzy proximity δ on X is called a fuzzy proximity space

(X, δ).

In the following proposition, the fuzzy proximity will be identified with the finer

relation on fuzzy filters.

Proposition 2.3 The binary relation δ on LX which is defined by

f δ g if and only if N (g) ≤ ḟ ′

is a fuzzy proximity on X.

Proof. From (1) in Lemma 2.2, it follows that N (g) ≤ ḟ ′ implies N (f) ≤ ġ′, and

thus f δ g implies g δ f . Hence, the condition (P1) of the fuzzy proximity is fulfilled.

SinceN (f) ≤ N (f∨g) andN (g) ≤ N (f∨g) for all f, g ∈ LX , thenN (f∨g) ≤ ḣ′

implies N (f) ≤ ḣ′ and N (g) ≤ ḣ′ for all h ∈ LX . Thus, h δ (f ∨ g) implies h δ f

and h δ g. Conversely, if N (f) ≤ ḣ′ and N (g) ≤ ḣ′ for all h ∈ LX , then from (3) in
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Lemma 2.2 we have N (f) ∧N (g) = N (f ∨ g) ≤ ḣ′ and hence h δ f and h δ g imply

h δ (f ∨ g). Thus (P2) is fulfilled.

From Remark 2.1, it follows N (0) ≤ ḟ ′ for all f ∈ LX . This means f δ 0 for all

f ∈ LX . Hence, f = 0 or g = 0 implies f δ g. Therefore, (P3) is fulfilled.

From (4) in Lemma 2.2, it follows N (f) ≤ ġ′ implies f ≤ g′ and then g δ f

implies f ≤ g′. That is, (P4) is fulfilled.

From (5) in Lemma 2.2 we have N (f) ≤ ġ′ implies there is an h ∈ LX such that

N (f) ≤ ḣ and N (h) ≤ ġ′. Hence, g δ f implies there is an h ∈ LX such that g δ h

and h′ δ f . Thus, (P5) holds. 2

To each fuzzy proximity δ on a set X is associated a fuzzy topology τδ. The

related interior and closure operators intδ and clδ are given by

intδf =
∨

f ′δg

g (2.5)

and

clδf =
∧

g′δf

g (2.6)

respectively, for all f ∈ LX .

A fuzzy proximity δ on a set X is called separated if x 6= y in X implies xαδyβ

for all α, β ∈ L0 ([12]).

In the following we shall show that the associated fuzzy topology τδ of a fuzzy

proximity δ is GT0 if and only if δ is separated.

Proposition 2.4 Let (X, δ) be a fuzzy proximity space and let τδ be the fuzzy topol-

ogy associated to δ. Then

δ is separated if and only if τδ is GT0.

Proof. Let δ be a separated fuzzy proximity and x 6= y in X. Then x1 δ y1 and

this means, by Proposition 2.3 and Remark 2.2, that N (y) ≤ ẋ′. Thus intδ f(y) ≥
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∧
z 6=x

f(z) for all f ∈ LX , taking f = x′1 we get intδ x′1(y) = 1, x′1(x) = 0 and hence

there is f = x′1 ∈ LX such that intδ f(y) > f(x), that is, ẋ 6≤ N (y). Therefore, τδ is

GT0.

Now, let τδ be GT0 and x 6= y in X. Then ẋ 6≤ N (y) and this means there is

f ∈ LX such that intδ f(y) > f(x). From (2.5) we get
∨

f ′ δ g

g(y) > f(x) and hence

f(x) < g(y) for all g ∈ LX with f ′ δ g, that is, f(x) < g(y) for all g ∈ LX with

N (g) ≤ ḟ . Taking f = x′1 and g = y1 we get N (y) ≤ ẋ′ and then by Proposition

2.3 we have x1 δ y1. Therefore xα δ yβ for all α, β ∈ L0. 2

In the following proposition we are going to show an important result which we

need in the next part of this section.

Proposition 2.5 If (X, δ) is a fuzzy proximity space, then

f δ g if and only if clτ f δ clτ g

for all f, g ∈ LX .

Proof. From Proposition 2.3, clτ f δ clτ g impliesN (clτ g) ≤ ˙(clτ f)′. Since f ≤ clτ f

and N (g) ≤ N (clτ g) for all f, g ∈ LX , then N (g) ≤ ḟ ′ and hence f δ g.

Conversely, since f δ g implies N (g) ≤ ḟ ′, then ġ ≤ N (f ′) ≤ N (clτ f ′). From (1)

in Lemma 2.2 we have N (clτ f) ≤ ġ′ and then g δ clτ f . Also, g δ clτ f means that

N (clτ f) ≤ ġ′, that is, ˙(clτ f) ≤ N (g′) and once again by Lemma 2.2 we have

˙(clτ f) ≤ N (g′) ≤ N (clτ g′)

implies N (clτ g) ≤ ˙(clτ f)′. Thus clτ f δ clτ g. 2

In the following we shall give another description of the fuzzy regular spaces.

Proposition 2.6 Let (X, τ) be a fuzzy topological space. Then the following state-

ments are equivalent:
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(1) (X, τ) is regular.

(2) For all x ∈ X and f ∈ LX with N (x) ≤ ḟ , there exists g ∈ LX such that

N (x) ≤ ġ and N (clτg) ≤ ḟ .

Proof. (1) ⇒ (2): Let (X, τ) be a regular fuzzy topological space and let N (x) ≤ ḟ

for all x ∈ X and f ∈ LX . Then from (5) in Lemma 2.2 we have g ∈ LX such that

N (x) ≤ ġ and N (g) ≤ ḟ .

N (g) ≤ ḟ means that
∧

0<g(z)

intτλ (z) ≥ ∧

0<f(y)

λ(y)

for all λ ∈ LX . Since (X, τ) is regular, then clτ N (x) = N (x) for all x ∈ X and this

means

intτλ (z) =
∧

0<g(z)

∨

clτ h≤λ

intτh (z) ≥ ∧

0<f(y)

λ(y)

for all λ ∈ LX , hence

∨

clτ h≤λ

∧

0<g(z)

intτh (z) ≥ ∧

0<f(y)

λ (y).

From that g ≤ clτg for all g ∈ LX it follows

∨

clτ h≤λ

∧

0<clτ g(z)

intτh (z) =
∧

0<clτ g(z)

∨

clτ h≤λ

intτh (z) ≥ ∧

0<f(y)

λ (y).

Also, since

∨

clτ h≤λ

intτh (z) = clτ N (z) (λ) = N (z) (λ) = intτλ (z)

for all z ∈ X and λ ∈ LX , then

∧

0<clτ g(z)

intτλ (z) ≥ ∧

0<f(y)

λ(y).

Thus N (clτg) (λ) ≥ ḟ(λ) and hence N (clτg) ≤ ḟ . That is, N (x) ≤ ḟ implies there

is g ∈ LX such that N (x) ≤ ġ and N (clτg) ≤ ḟ , and therefore (2) holds.
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(2) ⇒ (1): Let (2) be fulfilled and let x 6∈ F = clτ F in X. Then x ∈ F ′ and

from Lemma 2.1 and from (2) in Lemma 2.2 we get N (x) ≤ ˙χF ′ and then there is

g ∈ LX such that N (x) ≤ ġ and N (g) ≤ N (clτ g) ≤ ˙χF ′ . From (1) in Lemma 2.2

we have N (F ) ≤ ġ′ and hence

N (x) (λ) ∧N (F ) (µ) ≥ ġ (λ) ∧ ġ′ (µ) =
∧

0<g(m)

λ(m) ∧ ∧

0<g′(n)

µ(n)

for all λ, µ ∈ LX . Taking g = x1 ∨ y1 for x 6= y ∈ F ′ we get

N (x) (λ) ∧N (F ) (µ) ≥ ∧

0<(x1∨y1)(m)

λ(m) ∧ ∧

0<(x1∨y1)′(n)

µ(n)

for all λ, µ ∈ LX . Since for λ = (x1 ∨ y1) and µ = (x1 ∨ y1)
′ we have sup (λ∧µ) = 0

and N (x) (λ) ∧ N (F ) (µ) > 0, then N (x) ∧ N (F ) does not exist and hence (X, τ)

is regular. 2

In the next proposition will be shown that for each fuzzy proximity is associated

a regular, in our sense, fuzzy topology.

Proposition 2.7 Let δ be a fuzzy proximity on a set X. Then the associated fuzzy

topology τδ is regular.

Proof. Let x ∈ X and f ∈ LX with N (x) ≤ ḟ . Then f ′ δ x1, and from (P5) we have

there is g ∈ LX such that f ′ δ g and g′ δ x1. By means of Proposition 2.5 we have

clδ f ′ δ clδ g and hence N (clδ g) ≤ ˙(clδ f ′)′ ≤ ḟ , and N (x) ≤ ġ. Therefore, N (x) ≤ ḟ

implies there exists g ∈ LX such that N (x) ≤ ġ and N (clδ g) ≤ ḟ and thus (X, τδ)

is regular. 2

In the following we shall give an equivalent form for the fuzzy normal spaces.

Proposition 2.8 Let (X, τ) be a fuzzy topological space. Then the following state-

ments are equivalent:

(1) (X, τ) is normal.
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(2) For all A ⊆ X with clτ A = A and all f ∈ LX with N (A) ≤ ḟ , there exists

g ∈ LX such that N (A) ≤ ġ and N (clτ g) ≤ ḟ .

Proof. (1) ⇒ (2): Let (X, τ) be a normal fuzzy topological space and let N (A) ≤ ḟ

for all A ⊆ X with A = clτA in X and all f ∈ LX . Then from (5) in Lemma 2.2 we

have g ∈ LX such that

N (A) ≤ ġ and N (g) ≤ ḟ .

N (g) ≤ ḟ means that
∧

0<g(z)

intτλ (z) ≥ ∧

0<f(y)

λ (y)

for all λ ∈ LX . Since (X, τ) is normal, then clτ N (A) = N (A), that is,

∧

x∈A

intτλ (x) =
∨

clτ h≤λ

∧

x∈A

intτh (x)

for all λ ∈ LX . But N (A) ≤ ġ implies Ȧ ≤ ġ and from Lemma 2.1 we get A ⊆ S0g

and then
∧

x∈A

intτλ (x) ≥ ∧

0<g(x)

intτλ (x)

for all λ ∈ LX . Hence, similarly as in the first direction in Proposition 2.6 we have

N (g) ≤ ḟ implies

∧

x∈A

intτλ (x) =
∧

0<g(x)

∧

x∈A

intτλ (x) =
∧

0<g(x)

∨

clτ h≤λ

∧

x∈A

intτh (x)

≥ ∧

0<g(x)

intτλ (z) ≥ ∧

0<f(y)

λ (y),

which means, from that g ≤ clτg,

∨

clτ h≤λ

∧

0<clτ g(x)

∧

x∈A

intτh (x) ≥ ∧

0<f(y)

λ(y)

and this means

∧

0<clτ g(x)

∨

clτ h≤λ

∧

x∈A

intτh (x) =
∧

0<clτ g(x)

∧

x∈A

intτλ (x) ≥ ∧

0<f(y)

λ(y).
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Hence, N (clτg) (λ) ≥ ḟ(λ) for all λ ∈ LX and thus N (clτg) ≤ ḟ . Therefore N (A) ≤
ḟ implies there is g ∈ LX such that N (A) ≤ ġ and N (clτh) ≤ ḟ and thus (2) holds.

(2) ⇒ (1): Let (2) be hold and let A, B be two disjoint closed subsets of X. Then

A ⊆ B′ and hence from Lemma 2.1 and (2) in Lemma 2.2 we get N (A) ≤ χB′ . From

(2) in this proposition we have g ∈ LX such that N (A) ≤ ġ and N (clτ g) ≤ χB′ ,

that is, N (A) ≤ ġ and N (B) ≤ ˙(clτ g)′ ≤ ġ′ which means

N (A) (λ) ∧N (B) (µ) ≥ ġ(λ) ∧ ġ′(µ)

for all λ, µ ∈ LX . Taking g = (χA ∨ x1) for x ∈ B′ \ A. Then for λ = g and µ = g′

we have sup (λ ∧ µ) = 0 and N (A) (λ) ∧ N (B) (µ) > sup (λ ∧ µ) and therefore

(X, τ) is normal. 2

Now, we are going to show another important relation between the fuzzy prox-

imity and the fuzzy normal spaces in our sense.

Proposition 2.9 If (X, τ) is a normal fuzzy topological space, then the binary re-

lation δ on X defined by

f δ g ⇐⇒ N (clτ f) ≤ ˙(clτ g)′ (2.7)

is a fuzzy proximity on X. Conversely, in a fuzzy proximity space (X, δ) with δ

fulfills (2.7) the fuzzy topological space (X, τδ) is normal.

Proof. Let (X, τ) be a fuzzy topological space and let δ be a binary relation

defined by (2.7). f δ g implies N (clτ f) ≤ ˙(clτ g)′ and from (1) in Lemma 2.2 we get

N (clτ g) ≤ ˙(clτ f)′ and then g δ f . Hence, the condition (P1) of the fuzzy proximity

is fulfilled.

Let (f ∨ g) δ h. Then

N (clτ f ∨ clτ g) = N (clτ (f ∨ g)) ≤ ˙(clτ h)′.

From Lemma 2.2 it follows N (clτ f) ≤ ˙(clτ h)′ and N (clτ g) ≤ ˙(clτ h)′. Thus (f ∨
g) δ h implies f δ h and g δ h. Also, from Lemma 2.2 we have N (clτ f) ≤ ˙clτh′ and
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N (clτ g) ≤ ˙clτh′ implies

N (clτ f ∨ clτ g) = N (clτ f) ∧N (clτ g) ≤ ˙clτh′,

that is, fδh and gδh implies (f ∨ g) δ h. Therefore, (P2) is fulfilled.

Since N (0) is the finest fuzzy filter on X and from that clτ 0 = 0 we get N (0) =

N (clτ 0) ≤ ˙(clτ f)′ for all f ∈ LX . Thus 0 δ f for all f ∈ LX , in other wards f = 0

or g = 0 implies f δ g and then (P3) holds.

Since f δ g implies N (clτ f) ≤ ˙(clτ g)′ which means ˙(clτ f) ≤ ˙(clτ g)′. From

Lemma 2.1 we get f ≤ clτ f ≤ (clτ g)′ ≤ g′ and hence (P4) is satisfied.

Let f δ g. Then N (clτ f) ≤ ˙(clτ g)′. Taking F = S0(clτ f), then we get F = clτ F

in X and then f δ g implies N (F ) ≤ ˙(clτ g)′. From the normality condition listed

in Proposition 2.8, there is a fuzzy set h′ ∈ LX with arbitrary choice such that

N (F ) = N (clτ f) ≤ ˙(clτ h)′ ≤ ˙(h′) such that N (clτ h′) ≤ ˙(clτ g)′. Hence, we get

h ∈ LX such that N (clτ f) ≤ ˙(clτ h)′ and N (clτ h′) ≤ ˙(clτ g)′, which means that

f δ h and h′ δ g. Thus (P5) is fulfilled.

Conversely, let A and B are two disjoint closed subsets of X. Then A ⊆ B′ and

then χ̇A ≤ ˙χB′ = χ̇′B, and hence from (1) in Lemma 2.2 we have N (χB) ≤ χ̇′A. Since

A,B are closed, then

N (clδ χB) = N (χB) ≤ χ̇′A = ˙(clδ χA)′

which means that χA δ χB. From (P5) there exists g ∈ LX such that

N (χB) = N (B) ≤ ġ and N (g) ≤ χ̇′A = Ȧ′

and again from (1) in Lemma 2.2 we have N (A) ≤ ġ′. Hence,

N (B) (λ) ∧N (A) (µ) ≥ ġ(λ) ∧ ġ′(µ)

for all λ, µ ∈ LX . Taking g = χB ∨ x1 ∈ LX for x ∈ A′ \ B. Then if we take

λ = g = χB ∨ x1 and µ = g′ = (χB ∨ x1)
′, we get sup (λ ∧ µ) = 0 and

N (B) (λ) ∧N (A) (µ) ≥ 0.
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Thus, we get λ, µ ∈ LX such that

N (B) (λ) ∧N (A) (µ) ≥ sup (λ ∧ µ)

and therefore (X, τδ) is normal. 2

3. G-Compact Spaces

The notion of G-Compactness is defined by means of the fuzzy filters and therefore

it will be suitable to study here the relation between this notion and our fuzzy

separation axioms GTi.

Let M be a fuzzy filter on a set X. The element x ∈ X is called a cluster point

of M if the infimum M∧N (x) of M and the fuzzy neighborhood filter N (x) at x

exists, equivalently if there exists a fuzzy filter K finer than M which converges to

x, that is, K ≤ N (x). Notice that any convergent fuzzy filter has a cluster point.

A fuzzy topological space (X, τ) is called G-compact if every fuzzy filter on X

has a cluster point in X ([9]).

Let (X, τ) be a fuzzy topological space. Then a subset A of X is called closed

with respect to τ if M≤ N (x) implies x ∈ A for some M∈ FLA.

Our GT2-spaces fulfill the following result.

Proposition 3.1 Every G-compact subset of GT2-space is closed.

Proof. Let (X, τ) be a GT2-space and let A be a G-compact subset of X. Then for

all M∈ FLA, there exists K ≤M, K ∈ FLA such that K ≤ N (x) for some x ∈ A.

Since K ∈ FLA ⊆ FLX and (X, τ) is GT2, then K ≤ N (x) and K ≤ N (y) imply

y = x, that is, for some K ∈ FLA with K ≤ N (y) we get y ∈ A. Hence, A is closed.

2

In the following proposition we show another property of GT2-spaces.
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Proposition 3.2 Let (X, τ) be a GT2-space. Then any two disjoint G-compact

subsets A and B of X have fuzzy neighborhood filters N (A) and N (B) such that

N (A) ∧N (B) does not exist.

Proof. Let A and B be two disjoint G-compact subsets of X. Then for all K ∈ FLA,

there exists M ≤ K, M ∈ FLA such that M ≤ N (x) for some x ∈ A and for all

L ∈ FLB, there exists N ≤ L, N ∈ FLB such that N ≤ N (y) for some y ∈ B.

Since FLA ⊆ FLX and FLB ⊆ FLX, then we can say that

M≤ N (x) ≤ N (A), N ≤ N (y) ≤ N (B)

and there is W = (M ∧ N ) ∈ FLX such that W ≤ N (x) and W ≤ N (y) for

some x ∈ A and some y ∈ B. But (X, τ) is GT2-space and hence x = y which

contradicts that A and B are disjoint. Hence, for every V ∈ FLX we get V 6≤ N (A)

or V 6≤ N (B) which means that N (A) ∧ N (B) does not exist. Thus A and B can

be separated by two disjoint neighborhoods. 2

The notion of G-compactness fulfills the following property which will be used

to prove the important result given in Proposition 3.4.

Proposition 3.3 Every closed subset of G-compact space (X, τ) is G-compact.

Proof. Let A be a closed subset of X and (X, τ) be G-compact space, and let

M ∈ FLA. Then M ≤ N (x) implies x ∈ A. Since, FLA ⊆ FLX, then M ∈ FLX

and hence there exists K ≤M such that K ≤ N (x) and

K ≤M ∈ FLA ⊆ FLX

which means that K ∈ FLA. Thus for M ∈ FLA we get K ≤ M such that

K ≤ N (x), x ∈ A. Hence A is G-compact. 2

The following proposition introduces an important property of G-compact GT2-

spaces.
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Proposition 3.4 Every G-compact GT2-space is GT4-spaces.

Proof. The proof follows directly from Propositions 3.2 and 3.3. 2

Lemma 3.1 If τ1 and τ2 are fuzzy topologies on a set X, τ1 is finer than τ2 and

(X, τ1) is G-compact, then (X, τ2) is also G-compact.

Proof. Let Nτ1(x) and Nτ2(x) be the fuzzy neighborhood filters at x with respect

to τ1 and τ2, respectively. Since τ1 is finer than τ2 implies Nτ1(x) ≤ Nτ2(x) for all

x ∈ X, then for any M ∈ FLX with M ≤ Nτ1(x) we get M ≤ Nτ2(x). Hence,

(X, τ1) is G-compact implies (X, τ2) is G-compact. 2

Proposition 3.5 [1] For any GT2-space (X, τ) and any fuzzy topology σ on X which

is finer than τ , we have (X, σ) is also GT2-space.

Proposition 3.6 Let τ1 and τ2 be fuzzy topologies on a set X with τ1 be finer than

τ2, (X, τ1) be G-compact space and let (X, τ2) be GT2-space. Then τ1 is equivalent

to τ2.

Proof. From Proposition 3.5 we get (X, τ1) is also GT2-space, and from Lemma 3.1

we have (X, τ2) is also G-compact space. Then we can find the identity mapping

idX : (X, τ1) → (X, τ2) which is a bijective fuzzy continuous mapping and open,

that is, a homeomorphism. Hence, (X, τ1) is equivalent to (X, τ2). 2

4. Fuzzy Uniform Spaces

In this section we study the relation between the fuzzy uniform spaces introduced

in [10] and the GTi-spaces.

By a fuzzy relation on a set X we mean a mapping u : X × X → L, that is, a

fuzzy subset of X ×X. For each fuzzy relation u on X, the inverse u−1 of u is the
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fuzzy relation on X defined by u−1(x, y) = u(y, x) for all x, y ∈ X. Let U be fuzzy

filter on X ×X. The inverse U−1 of U is a fuzzy filter on X ×X defined by

U−1(u) = U(u−1)

for all u ∈ LX×X .

The composition v ◦ u of two fuzzy relations u and v on X is the fuzzy relation

on X defined by

(v ◦ u)(x, y) =
∨

z∈X

( u(x, z) ∧ v(z, y))

for all x, y ∈ X.

For each pair (x, y) of elements x, y of X, the mapping (x, y)
.

: LX×X → L

defined by

(x, y)
.
(u) = u(x, y)

for all u ∈ LX×X is a homogeneous fuzzy filter on X ×X.

Let U and V be fuzzy filters on X × X such that (x, y)
. ≤ U and (y, z)

. ≤ V
hold for some x, y, z ∈ X. Then the composition V ◦ U of U and V is a fuzzy filter

on X ×X defined by

(V ◦ U)(w) =
∨

v◦u≤w

(U(u) ∧ V(v))

for all w ∈ LX×X ([10]).

By a fuzzy uniform structure U on a set X ([10]) we mean a fuzzy filter on X×X

such that the following conditions are fulfilled:

(U1) (x, x)
. ≤ U for all x ∈ X.

(U2) U = U−1.

(U3) U ◦ U ≤ U .

The pair (X,U) is called fuzzy uniform space.
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To each fuzzy uniform structure U on X is associated a stratified fuzzy topology

τU . The related interior operator intU is given by

intUf(x) = U [ẋ](f) (4.1)

for all x ∈ X ([4, 10]).

A fuzzy uniform structure U on X is called separated if for all x, y ∈ X with

x 6= y there is u ∈ LX×X such that U(u) = 1 and u(x, y) = 0. The space (X,U) is

called separated fuzzy uniform space.

Proposition 4.1 Let X be a set, U a fuzzy uniform structure on X and τU the

fuzzy topology induced by U . Then

(X,U) separated if and only if (X, τU) is GT0-space.

Proof. For x 6= y if (X,U) is separated, then there is u ∈ LX×X such that U(u) = 1

and u(x, y) = 0. Let f = u[y1] for which

f(x) = u[y1](x) =
∨

z∈X

u(z, x) ∧ y1(z) = 0

and

intUf(y) = U [ẏ](f) =
∨

u[g]≤f

U(u) ∧ g(y) = 1,

that is, there is f = u[y1] ∈ LX such that f(x) < intUf(y) and hence ẋ 6≤ NU(y),

where NU(y) is the fuzzy neighborhood filter of the space (X, τU) at y. This means

(X, τU) is GT0-space.

Now let (X, τU) be GT0-space and x 6= y in X. Then there is f ∈ LX such that

f(x) < intUf(y) and this means
∨

u[g]≤f
U(u) ∧ g(y) > f(x). Hence, there is

u(x, y) =





intUf(y) if x = y,

f(x) if x 6= y

for which u(x, y) = 0 and U(u) = 1. Thus, (X,U) is separated. 2
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